2 | Quantum Mechanics

SYLLABUS

Quantum Mechanics - Schrodinger’s equation (Time dependent and
time independent equations), Physical significance of wave function

¥, Operators, Expectation values of a dynamical quantities, Ehrenfest’s
theorem, Eigen value and Eigen functions, Particle in a box, Application
to free particle in a one and three dimension.

SCHRODINGER’S EQUATION

Q. 1. Derive Schrodinger’s time dependent equation for matter
waves.

Ans: Schrodinger’s time dependent wave equation:

A plane wave moving in the positive-x direction is represented
in the exponential form as

y=Aelor (1)
Where, o =2rv (v is frequency of the wave)

k=2rn/\ (A is wavelength of the wave)
Let E be the total energy and p be the momentum of the particle.

" E=hV=£><2nv:hw:>u)=% and

27
ngzixﬁzhkzkzﬁ
A2 A fi

Therefore equation (1) becomes
—i[Et—BXj
y=Ae \" 7

——i(Et—px)

=Ae " e



Unit-2

35

In quantum mechanics the wave function ¢ denotes the
amplitude of matter wave corresponds to the wave variable y of
plane wave. For this reason we assume that the wave function g
for a particle moving freely in the +ve X- direction is specified
by

o Ae iTTPY 3)

Equation (3) represents matter wave for a free particle of total
energy E and momentum p.

Differentiating equation (3) twice with respect to x, we get

oy i LE.t-px) i
oAl -=|(-p).len =—.
- [ h]( p) {e } ol

Py _ooy_d [ip\vj i’p? p’

o oo ol h )T Y
Py
Therefore p°y = —hza% .......... 4)

Differentiating equation (3) with respect to t, we get

v _ A[—ij Ele ™ _L1gy
ot 7 h

h oy

Ey=-——
Therefore By ot e (5)
For a particle of mass m, moving with a velocity v piloted by the
wave function @, the total energy in a non-relativistic case is

given by

E=K.E.+P.E.
:lm02+V
2
2
E=2 v
2m

Multiplying both the sides by ¥, we get

2
2m
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Ans:

p2
ie. (%j\wVw:Ew .......... (6)

Substituting the values of P’y from (4) and Ewy from (5), we
have

n? ([ o%y ., Oy
Y vy =i Y
(axg y=inzso

This is Schrodinger’s one dimensional time dependent equation
for matter waves.

In three dimensions, @ is a function of X, y, z & t. Therefore, for
three dimensions it converts to following equation.

2 2 2 2
_h_|:aw+aw+aw:|+\/w:1ha_w

2m| ox*> oy? o0z?
or vy =Y (8)
om Y vV vl

This is Schrodinger’s three dimensional time dependent equation
for matter waves.

Note: For free particle potential energy, V = 0.
Derive Schrodinger’s time independent equation.

or

Obtain Schrodinger’s time independent equation for a non-
relativistic free particle.

Schrodinger’s time independent wave equation:

When the potential energy V of a particle does not depends
explicitly on time and P.E. vary with the position of the particle

only. In such situations, the wave function y(x,t) can be written
as the product of two separate functions y(x) a function only of
x and f{t) a function only of t.

V(x,t) = y(x).f(t)

Hence the one dimensional wave function ¢ of an unrestricted
particle may be written in the form —

——i(E.t—p.x)

y=Ae?"

ip.x —iE.t
=Ae" et
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\V = \Vo.e_gE-t .......... (]_)

Here, y, = Ae?’” . Thatis, o is the product of position dependent
function y, and a time dependent function y, and a time

-lEt

dependent function PR

Differentiating equation (1) twice with respect to x, we get

82_\u _ 82\4/0 e—%.E.t )
p e

Differentiating equation (2) with respect to t, we get

a\u i _iEt
—=—-—Ewy,e ™ . 3
ot 7 Yo (3)
_ Schrodinger’s one dimensional time dependent equation is
1 ( oy .. Oy
-2 Y vy =in
om [ o2 v 77 4)

2
j
put (_8x2j from equation (2) and Y from equation (3), we get
ot

%2 62\V0 S S . i “ipe
- e +Vy,e " =ii|-.—Ewy,e "
21’1’1[ 5X2 \VO h \VO

Dividing both the sides by common exponential factor, we get

> [82\4/0

2m| ox?

]“‘V\Vo =Ey,

n* 0%y,
- E-V)y, =0
2m [ x> | ( JWo

oy 2m
or [ | B v =0

Further, y,is a function of x only, hence usually it is written in
the form
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Ans:

2
[27“2/]+2;2_T(E_V)W:O .......... (5)

Equation (5) is the time independent (steady-state) Schrodinger’s
equation in one dimension.
Three dimensional time independent equation-

For motion of particle in three dimensions, ¢ is a function of
x,y,z. In such a case the time independent form of Schrodinger’s
equation is given by

2 2 2
(8 W+6 \u+8 w]+2—m(E—V)w:O or

ox* oy* o0z ) n
2 2m E-V —
\ Y+ h_2( — )\V =0 (6)

Equation (6) is the time independent (steady-state) Schrodinger’s
equation in three dimensions.

Why the Schrodinger’s equations do not valid for relativistic
particles?

Schrodinger’s equations are not valid for relativistic particles
because in deriving these equations we use classical (non-
relativistic) expression for total energy E = (p*/2m) + V. We also
take the momentum of the particle as non-relativistic and equal
to mv. The K.E. is taken as Y2.mv?, which is also a non-relativistic
expression.

PHYSICAL SIGNIFICANCE OF Vv

Q. 4.

Ans:

What is wave function yp Give the physical significance of

wave function y and |‘~I»'2.

Wave function y: The wave function g is a function of space
variable (%, y, z) and time t and it can give nearly complete
information about the state of a physical system at a particular
time in accordance with the rules of quantum mechanics.

Physical significance of wave function ¢ and |‘~I»'|2 :

The wave function ¢ has no physical existence because it can
be complex. Also it cannot be taken as the probability at (r, t)
because the probability is real and nonnegative. However the
value of wave function y associated with a moving particle at a
particular point x, y, z in space at the time t is related to the
likelihood of finding the particle there at that time.



Unit-2

39

Q. 5.

Ans:

The product of wave function @ and its complex conjugate ¥* is
interpreted as the position probability density P(r,t).

* 2
P(r,t)=vy'(r )y t) =yt e (1)
According to this view VY'Y = |\4/|2 represents probability density

of the particle in the state y,

The probability of finding the particle in a volume element
dV =dx.dy.dz surrounding the point r(x, y, z) at time t is expressed
as

P(r,t).dV =y’ (5,t).y(r, 1).dV = [y(r,t)*.dV
It is large in magnitude where the particle is likely to be located

and small elsewhere. When |\u(r, t)|2 dV isintegrated over the entire
space one should get the total probability, which is unity.
Therefore,

Total probability = I |\u(r, t)|2 dV =1 (i.e. 100% presence) .......... 2)

—00

Any wave function satisfying the above equation is said to be
normalized.

Note: The process of integration over all possible locations to give
unity is called normalization.

What are the conditions for the wave function to be well
behaved?

The wave function ¢ must satisfy the following conditions.
i) ¢ must be finite for all values of x, y, z.

ii) ¢ must be single valuedi.e. for each set of values of x, y and
z, ¢ must have one value only.

iii) w must be continuous in all regions except in those regions
where the P.EV(X,y, z) = «
oy oy oy

iv) The partial derivatives of ¥, i.e. ox’ oy oz must also be

continuous. The wave function g satisfying all the above
conditions is called well behaved wave function.
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Q. 6. What is normalization of a wave function? Prove that

Ans:

Ans:

normalization is independent of time.

Normalisation : If we consider a small element of volume dv
defined by the coordinates (%, x + dx); (v, y + dy); and (z, z + dz)
then, the probability of finding the particle existing within this
element of volume dv is given by

P(dv) = y y.dv = y y.dx.dy.dz

The probability of finding the particle in a finite volume v is
given by

P(dv) = j j j v'y.dx.dy.dz

The particle must always be somewhere in space so that
extending the integral over all space, the probability becomes a
certainty i.e. it equals unity.

P(dv) = _[ ” v y.dx.dydz =1

All spae

The process of integration over all possible locations to give unity
is called rmalization.

As ¢ and y* are functions of x only and are independent of

time, the probability of locating a system in the region -« to
+o continues to be one for all times i.e. normalization is
preserved in time or is independent of time.

Normalise the one dimensional wave function given by

Xx) = Asin n, T X0<x<L
v L

y = 0, outside

The wave function is said to be normalized if it satisfies the
condition

T\u*\u.dx:l

—00

The given wave function g exists in the region 0 <x <L

L
IAQ sin® (%) xdx =1

0

But cos260=1-2sin’6. Therefore sin®0 = (1 cos20)/2
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L
AQJ.(l _COSQanX/Lj.X.dX =1= A2£ =1.gives.A = ‘/g
0 2 2 L

Hence, the normalized wave functions of the particle are given
by

= \/gsin[nxnj X
Yy L L) e (Ans)

OPERATORS

Q. 8. What are the postulates of quantum mechanics?

Ans: The mathematical formulation of quantum mechanics is based
on linear operators.

Postulates of quantum mechanics:

i) There is a state vector (or wave function) associated with every
physical state of the system which contains the entire
description. i.e. the information of a system is contained in
the wave function g of the system.

ii) For every physical observable (dynamical variable) there is
corresponding linear Hermitian operator.

The most important operators of wave mechanics are

Variable Symbol Quantum mechanical operator
Position X,Y, 2 Multiplication by x / y / z resp.
Linear Px, Py, Pz P h o ~ & O P h 0
momentum X_i'ax’ y_l.'éy’ Z_i'az
Potential \Y Multiplication by V
energy
Ener E A 0

& E=in<

ot

Hamiltonian H . K2
H=——V*+V

2m

iii) The only possible values that can be obtained from the
measurement of the observable of a system (whose operator is

A) are the eigen values A of the equation. Thus

AWn = An 'Wn
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Q. 9.

Ans:

iv) The expectation value of a variable x of a system in the state o
isgivenby <x >=

These are the postulates of the quantum mechanics.
Explain the observable and operator.

Observable: A quantity obtained by the process of observation or
measurement on a physical system is called an observable. An
observable is the result of actual measurement.

Operator: An operator is a mathematical rule or prescription.

Mathematical operations in algebra and calculus like addition,

subtraction, multiplication, division, finding square root,

differentiation or integration are represented by characteristic
d

0
ike +—x%++ ,—,—.and.[f.dx i
symbols like ox’ dt I can be considered as

operators.

Ex.: If A is an operator represented as A and stands for the

. 0
operation ox’ then

Ax* = ai(x4) = 4x°
X

Q. 10. What is a linear operator? Show that the following operators

Ans:

are linear.

d
Xp + pPX 2, o2 el
1) XROPE 2) (prxoxpt)  3) o

Linear Operator: An operator P is said to be linear if it satisfies
the following conditions

P(u+v)=Pu+Pv and
P(a.u) = a.Pu

where u and v are arbitrary functions and o is an arbitrary
constant.

Xp + PX

1) &(UJFV) i ox iox
1| 7% ou i ov hoxu hoxv
2 i o0x iox 10x 10x
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which follows the conditions Pu+v)=Pu+Pv and

- - Xp+pPxX | .
P(a.u) = a.Pu. Hence operator -, s linear.
2 2

2 ;{—Q[X.(u + V)] + xh? aa?[(u + V)]

ii) (p’x-xp°)(u+v)=-h

:_282xu_h262xv+xh282u OV

0x? 0x? 0x? 0x?

which follows the conditions Pu+v)=Pu+Pv and

P(a.u) = a.Pu. Hence operator ) p>x — xp)? is linear.

iii) X(u+v)=xu+xv which follows the conditions P(u+v)=

Pu +Pvand P(o.u) = a.Pu. Hence operator x is linear.

d d
iv) d_X(u+V):d_Xu+d_xV which follows the conditions

- . - . d
P(u+v)=Pu+Pv and P(a.u)=o.Pu. Hence operator d—xis

linear.
Q. 11. What is a Hermitian operator? Give its properties.

Ans: Hermitian Operator : An operator p associated with dynamical
variable is said to be Hermitian if its average value in any state ¥
is real.

Thus for u and v are two acceptable normalized wave functions,
defined over a certain range of configuration space V, then

operator p associated with a dynamical variable is Hermitian
(self-adjoint or real) if

~+00 ~+00
Iu*PV dv = J.f’*u*v dv
Properties of Hermitian operator:
1) Hermitian operators have real eigen values.

2) Two eigen functions of Hermitian operators belonging to
different eigen values are orthogonal.

3) If two Hermitian operators commute then their product is also
Hermitian operator.

Note: Every Schrodinger operator associated with areal dynamical
variable is Hermitian.
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-~

Q. 12. Show that momentum operator P, = hi is Hermitian
X

Ans:

X

i'o
operator.

= h 0
Momentum Operator P, = —.—
1 0x

: 2. B h 0

Complex conjugate of P is P* = o

iox

If p is Hermitian operator its expectation value <p> in any state
v must be real i.e.

~+00

. «h o
(p) = I . 8:: dx must bereal (1)

—0

Integrating (1) by parts, we get

(b)=5[v ]—I——wdx

_j U’gij x=(p) . 2)

It is obvious from (1) and (2) that < p >is equal to its complex

conjugate. In other words < p > is real. Hence the momentum

s _h o0 . .
operator Py = —.— is Hermitian.
i ox

EXPECTATION VALUES

Q. 13. Discuss expectation values of dynamical variables.

Ans:

Expectation value : The expectation value represents the
arithmetic mean over a large number of a simultaneous

measurements in identical state (y).
The expectation value of a variable x of a system in the state V¥ is
given by
I yxy.dr
J‘\V*\V- de e (1)

<x> is called expectation value.

<X >=
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If the wave function @ is normalized, then IW*WdT =1. Hence,

The expectation value of a dynamical variable x for normalized
wave function is given by

<X >= I vxydt 2)

Ex.: 1) Expectation value of position coordinate x-
<X >= I v xy.dx

2) Expectation value of component of momentum p_
along x-

+(h 0
<p, >= —— |y.dx
p, >=[v (i axj‘“
3) Expectation value of momentum -
«( R
<p>= I\y (TVj\u.dx
i
4) Expectation value of Energy-
<E>= I\y* (ihﬁj\u.dr
ot

EHRENFEST’S THEOREM

Q. 14. State and prove Ehrenfest’s theorem.***

Ans: Ehrenfest’s theorem : [t states that the average motion of a wave
packet agrees with the motion of the corresponding classical

particle.
Hence, the classical laws (Newton’s laws) may be expressed as
m E =p 1
T e (1)
dp
—— =-—gradV
and at gradv.. ... 2)
or In terms of components,
X dy o dr .
T T rTind S (A)

dpy ov. dpy oV dp, &V
and —:——; L = T T T T T T ieieeees (B)
dt ox dt oy dt 0z
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Where, p = linear momentum of a particle and V, the P.E. of
particle of mass m.

Proof:

In quantum theory it is not possible to define the derivative of
X, ¥, 2, P, P, and p, in the classical sense. The approximate
values of derivatives found by considering the time rate of
change of average values of x, y, z, p,, P, and p,.

A) Thus x component of velocity may be defined as the time
rate of change of expectation value of x i.e.

d d, -
— <X >=— xy.d
dt gl vy
e oy *
= x—.dt+ xyp.d
Jvx—rdee [Z—xyde &)
Time dependent Schrodinger’s equation is
iha—w——iv2 +V 4)
ot om \ v
Complex conjugate time dependent Schrodinger’s equation
is
_ihM—_iVQ * LV ¥ (5)
ot om \ vt

*

ot

0
Substituting values of 8_\‘5 and from (4) and (5) in

equation (3), we get

d N R L
E<X>=J.\V X{E(—Q—mv \V+V\V]}d‘t+

1 hQ 2 * *
‘[ Ty —2—mV v *+Vy * | hxay.dt

) _QILmI [v'x.(V2y) = (V2y*)x.y].dr

—< >= —— \Y4 d +—|(V *).X. d
TR QimIWX( y).dt zimj( yH)xy.de

In the above equation the second integral can be integrated
by parts, i.e.
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[V y*xy.de = [, (xy.grady).dA - [, Vy * grad(xy).dt

= I A(Xy.grady®), .dA - I verady * -V(xy)dt ... (7)

Here the integral of the normal component of (xy.grad ¥')

over the infinite bounding surface A is zero because the
wave-packet vanishes at great distances.

So equation (7) becomes

I (Vy*).xy.dt = — I grad.y *V(xy)dt
\%

\Y%

Integrating above equation by parts in which the surface
integral again vanishes, we get

I(V2w*) xy.dt :I\y * V2 (xy)dt

Using equation (9), equation (6) can be written as

—< >= —— x(V dt+— * V4 (xwy).d
x Qimfw (Vy).dr Qimf\v (xy).dr

dt
- [y x(vy). - VA (xy)l e
2im
h » OV
=— —.dr
1m~[w 10):4
0
xV3y - V3 (xy) = - 6_:(V
_ L \y*{ iha—\ujdt
0xX
i i<x>—i<p >
i.e. at o Px
Similarl i< >—i< > di<z>—i< >
imilarly, - y m Py >an dt o p,
Combining all components,
i<r>:i<p> .......... (8)
dt m

B) The time rate of change of change of x component of
momentum is given by

d d ., Oy
—< >=— *| —ih— d
gt PV {1 axj §

Iy .« O Oy oy * oy
_—1h|:J‘\.V a—XE.d’C'FJ‘F.a—X..dT} __________ (9)
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_—I\V ax(lh tjd I( jawd

Using Schrodinger time dependent equation and its
complex congugate

__J' _[——V2w+ijdt+I{——V2\v +V\Vj N dc
.......... (10)
oy
—fyr| L) -v¥ g
Jv [a (Vv) Gx} f
d LV .
T I A

Similarly, E <py>=-< g > and

d oV
—<p,>=—-<—>
dt 0z

Combining all components,
4 <p>=<-VV >
dt

Equation (8) and (11)are analogous to the classical equations
of motion:

dr dp
m.— = P __ rad V
at =P and at g

This proves Ehernfest’s theorem.
EIGEN VALUE AND EIGEN FUNCTIONS

Q. 15. What is an eigen function and eigen value?
Ans: Eigen function: A function f is called an eigen function of the

operator A if when the operator A operates on the function f,
we get the same function multiplied by a constant C i.e.

Af=cf (1)

The constant C is called the eigen value of the operator A.
Equation (1) is known as eigen value equation .
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Note: Eigen value means proper or characteristic value and Eigen
function means proper or characteristic function.

Q. 16. The operator for Z-component of angular momentum is

L, =—ih%: determine whether or not sin(mé) is its eigen

function.
Ans: Eigen value equation is
Af=cf: (1)
~ 0

Here f =sin(m¢) and operator Lz = —ih%

. Af =L, sin(mg) = —iha%)sin(md)) = —ih.m.cos(md)

As ﬁz sin(m¢) # a cons tant x sin(m¢)

Hence, sin sin (m@) is not an eigen function of angular

- .. 0
momentum L, =-ii—
op

PARTICLE IN A BOX

Q. 17. What is a free particle? Write its potential.

Ans: A free particle is one for which no force of any kind is acting
upon it and hence it has constant P.E. which can be assumed to
be zero. Thus the total energy of a free particle is all the kinetic.

It is free from any force, hence its potential = zero.
APPLICATION TO FREE PARTICLE IN A ONE DIMENSION

Q. 18. Solve the Schrodinger wave equation for a free particle in a
one dimensional rigid potential box to obtain energy eigen
values and eigen functions.

Ans: Suppose a particle is restricted to move freely inside a box in
one dimension between two points at x = 0 & x = L i.e.
O<=x <= L. The walls of the box are rigid, hard and elastic.

A particle confined to a box of widh L.



BScGuru - Physics — 2 Sem - 5

AN

< L

Fig. 1.1

The potential energy V of the particle is infinite on both the
sides of the box while V inside the box is constant and assumed
to be zero as shown in figure below.

Fig.1.2
Boundary conditions:

V=0forO<x<L and

V=wforx<0and x>L

Schrodinger’s one dimensional time independent equation
gives

d? 2
[d_x"g’}h—rf(]z—v)w:o .......... (1)

For a free particle inside the box, V = 0. Hence within the box,
Schrodinger’s equation becomes

d’y) 2m
[@j + h_QEW = O .......... (2)

Putting, Q—TE = k 2 the equation (2) becomes
h X

d2\V 2
[deJJrkX y=0

The general solution of this differential equation can be written

as
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y =AsinK_x+BcosK, x ... (3)

where A and B are arbitrary constants. To find the values of A
and B we apply the boundary conditions. For continuity of the
wave function at the boundary, we have

v =0when x =0 & x =L,both
Using boundary condition
v =0whenx =0, we get from equation (3)
B=0
Therefore equation (3) now becomes

y=AsinK x L. 4)

Using boundary condition y=0 when x=L,we get from
equation (4)

0=AsinK, L

~ k,L=nnwheren=123,.....

m
But, h—gE = kx2

2mE n°n°
Equating both the equations, Wz ——

12
hn?
E, = (QmLQ j.nXQ wheren = 1,23,....... ... (6)

For each value of n, there is corresponding energy value. Thus
the particle inside the box can have the discrete energy values
given by equation (6). Also note that the particle cannot have
zero energy.

The particle in a box: Wave functions-

Put k, = % From equation (5) to equation (4), we get the wave

functions
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n,m
X
)

The particle is somewhere inside the box. Hence for a normalized
wave function

y =AsinK x = Asin(

L
Iw*w.dx:l
0

L
. IAQ sin® (%) xdx =1

0

L
l1-cos2n_ nx /L
But, AQJ'( X/ j

0

xdx=1= A? L =1.gives.A = \/2
2 L

Hence, the normalized wave functions of the particle are given
by-

2 . (ngm
v, =\/;sm[ L jx .......... (7)

and are plotted in the figure below.

\V1
x=0 x=L
\VZ
x=0 x=L
WS
x=0 \\\/// x=L
Fig.2.3

We know, Probability density P, =y, *y, =y,

2 . ,(ngm
_fsm = X (8)

and are plotted in the figure below

|2
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Note:

53
Iy, 12
x=0 x=L
Iy, I?
x=0 x=L
AR
x=0 x=L
Fig.2.4

It is clear that the probability of locating the particle at x = 0 and
x = Li.e. nearthe walls is always zero.

A node is the position of minimum displacement and an anti-
node is the position of maximum displacement.

APPLICATION TO FREE PARTICLE IN A THREE DIMENSION

Q. 19.

Ans.

Solve the Schrodinger wave equation for a free particle in a
rectangular potential box. Obtain energy eigen values and
eigen functions.

or

Write Schrodinger’s equation for a particle in a rectangular
rigid box and solve it. Find the eigen values of momentum
and energy.

Suppose a particle is restricted to move freely inside a
rectangular box of sides L, L and L. The walls of the box are
rigid, hard and elastic.

The potential energy V of the particle is infinite outside the box
while V inside the box is constant and assumed to be zero as
shown in figure below.

Y
N Vi 4
Ly
V=0 V=w
Lx

Fig. 2.5
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Boundary conditions:
V =0 inside the box and
V = oo Outside the box
Schrodinger’s three dimensional time independent equation

gives

Qh_l?(E_V)wzo .......... (1)

Vi +
For a free particle inside the box, V = 0. Hence within the box,
Schrodinger’s equation becomes

V2w+2h—r2nE\|/ =0

2 2 2
(8w+8w+8w] 2—mE =0

+
aXQ ay2 622 h2 y=0 (2)
Now, y is a function of x, y, z co-ordinates. We can therefore
put
Yx,y,z) =¥ ¥Y,¥, L. (3)

Using equation (3) in equation (2), we get

o o2 0> 2
(ax—g(\vx-wy.\vz )+ F(\vx-wy-wz )+ (vevy v, )j + h—TE(WX.\Vy.\,,Z) -0

vy, %y vy, 2m
[6X2 .(\uy.\yz)+ aygy.(\yx.\yz)+ o .(\ux.\uy) +h—2E(\|/X.\|/y.\|/Z):0
Dividing this equation by ¥, ¥ ¥,
2 82 2
12 WQX = \l/2y LoV, \ZZ +2—r2nE:O
Ve OX° Yy, Oy Y, 0z h
12y, 1%, 13, 2mE
v, 6X2 \Vy 5}72 v, 622 hQ .......... (4)
1 2%y, ., 1 0% 2. 1 2%y, 2
Put —— 5 K> ———5 =k ——2=k (5)

v, ox? "y, oy°

equation (4) becomes

2mE

2 2 2 _
k- +k"+k,” = 3
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Now the equations (5) can be rewritten as

o’y 2

>tk oy, =0 (%)
Oy 2

S l+kjy, =0 y)
oy, 2
=7 |tV =0 @

The general solution of these differential equations is of the
form

y, =AsinK_x+BcoskK. x ... (6)

where A and B are arbitrary constants. To find the values of A
and B we apply the boundary conditions. For continuity of the
wave function at the boundary, we have

y, =0 when x=0&x =L,,both
Using boundary condition

vy, =0 when x =0, we get from equation (6)

B=0

Therefore equation (6) now becomes

y,=AsinK x L. (7)
Using boundary condition y_=0 when x=L_we get from
equation (7)

0=AsinK_.L

~ kL, =n_nwheren=123,.....

Therefore equation (7) becomes

v, = A sin[rlljnj.x

X

Similarly

C(n,m n,m
vy, = A, sm{LL].y when k= Ly and

y y
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. [(nm nm
, =A,sin| —Z*— |z wh k =—2
4 [ L j en K,

z

Hence the complete solution can be written as
Y(x,y,z) = Y .Y, ¥,

. — . . . nxTc : nyn 1 nZn
S y=A A A, sm[—LX j.xsm{ L ].ysm[ L, jz _________ 9)

The particle is somewhere inside the box. Hence for a normalized
wave function

Ly

J.\y*\u.dV:l
0

o5
ce—t

LX
IAXQ sin?| 2" | xdx =1
° L

X

L
But AXQJ.(l_COSQanX/Lj.X.dX=1:>AX2L—X=1.giVCS.AX _ [2
0 2 2 L,

/ 2 [2
Similarly Ay = 1 and A, = 1z
y

Hence, the complete wave function for various values of
quantum numbers n_, n and n_ has the form,

8 . [ngm .| nyT . [n,n
Y= |——  -sin Xsin| —— |.ysin z
L,-L,-L, L, L, L,
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v,
3 A
¥, I,
v, Iy 12
x=0 x=L x=0 x=L

Fig. 2.6

Figure represents first three normalized wave functions and
probability density for a particle in a box.

Eigen Values of the Energy:

n.m n,m
We know, k/2+k/+k,’= QH;E and k, = Kk = Ij
h Lx y
K LT
z Lz
2mE _n_2 n +1’1_},2+ n,’
n L2 L2 L}
E *h?(n,? 1’1},2 n,’
ny,ny,n; — om LXQ + Ly2 + LZQ .......... (11)

For cubical box, the ground state energy value is obtained by
puttingnx =ny=nz=1

3 3n2.h?
ML omI?
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There is only one set of quantum numbers that gives this energy
state, and this level is said to be non-degenerate.

3nh
E211 = E121 = E112 = 2
ma

STATES NX, NY, NZ
14 f—o0o0o0o P =6(321), (123), (213), (312), (231), (123)

12 f——  P=1(222)
11— P =3(311),(131),(113)

E 9 f———  P=3(221),(122),(212)

6 f———————— P =3(211),(121),(112)

3 p——o—o— P=1(111)

Fig. 2.7

Figure shows energy levels, degree of degeneracy and quantum
numbers of a particle in a cubical box.

SOLVED PROBLEMS

Ex. 1. Calculate the expectation value of p and p? for the normalized

. WX
wave function V(X)= (I) SlnTin the region 0 < x < L and

¥(x) =0 for |x|>L

Solution: A) The expectation value of a dynamical variable p for
normalized wave function o is given by

<p>=[ypydax (1)
The operator associated with x component of momentum
i« p=t0
P

h o
<p>:J.w*Ta—j(/.dx
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2 e . MX
Here W(X)_[fj sin—

in the region O < x <L

L

hon cosQE
i1zl 2n
1L L

[0]
fi
= -——[cos2n-cos0]=0
2iLL
<p>=0

B) The expectation value of a dynamical variable p? for normalized
wave function o is given by

<p’>=[y'(p’)yax L (1)

The operator associated with x component of momentum is
~2 — h2 i
x>

2
<p?>= IW * 2 _Zx\g dx

2 Y2 . X | .
Here W(X)= L) S in the region 0 < x < L

L) 2 Y
<p’>= —hQI 2 sin ™ 8_ 2 sin ™ |Ldx
\L L | ox*|\L L
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L
:ghQJ.sinK. I .sinE.dx
L L \L L

0

2;2 L
_I :l I 2sin? E.dx
| P L
2h2 L
_I 3 J.[l —cos QLX}.dX
Ly L
— 2 L
; X
_ thQ . Sln( A)
15 2n
L 0
2:2 2.2
h L. . h
_I S L——{s1r127r—s1n0}}:7r >
L | 2= L
2 _Tt2h2
<p®>= 2

Ex. 2. Find the expectation value of position and x-component of
momentum of a particle trapped in a box L wide. Whose
normalized wave function is

2 %2 . X, )
w(x) = L SlnT in the region 0 <x <L and

v(x) =0 for |x|>L

Solution: : A) The expectation value of a dynamical variable x for normalized wave
function v is given by

<X >= jw*fcw.dx .......... (1)

The operator associated with x component of momentum
is x = multiplication by x

oy
<X >= *x,—.dx
J.W [5);4

2 Y2 . X | )
Here V(x)= L) S in the region 0 < x < L

L(Qj% . TX (QJ% . WX
<x>:j —| sih—<x|—| .sin—;dx
L L L L

0
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2% 5 X
:—Ix.sin —dx
L L

1- cos 2mX
1-cosmy |

2
:fjx' 2

L L
:%Ix.dX—%IX.COSQ%X.dX
0 0

2

x| 12 f 2nx
Now, J.xdx— 5 Eand —Ix.cosT.dx:O

0 0

<X >=—

B) The expectation value of a dynamical variable p_for normalized
wave function o is given by

<p.>=[vpwdx (1)
The operator associated with x component of momentum is
. _ho
* " iox

h o
<p>:jw*?a—i.dx

2 Y2 . X | .
Here W(X)= L) S in the region 0 <x <L

A O e T

:EEE smE cosde
LiLy L L

hom 't 21X
=——|si —dx
iL2~([

L
X
cos2-—

i1l 2n
1L L

0
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= —%[cos 2n-cos0]=0
i

Ex. 3 A particle limited to the x axis has the wave function y =ax
between x = 0 and x = 1; ¥y = O elsewhere. a) Find the
probability that the particle can be found between x = 0.45
and x = 0.55. b) Find the expectation value <x> of the particles
position.

Solution: a) The probability is

X2 0.55 <3 0.55
I|\u| dx = a? I X2.dx:a2{—} =0.0251xa?
x1 0.45 3 0.45

b) The expectation value is

1 ) 1 <* 1 a2
<X>:Ix.|w| dX:aQIX3dX:a2— =—
0 0 4 0
Ex. 4. Which of the following are eigen functions of the operator
d

dx

i) e™ and ii) sin(Ax)

d _ -
Solution: i) d_Xe * =-a.e™, here function e** remains unchanged,
hence e™* is an eigen function and -a is an eigen value
fth t 4
of the operator .
P dx

d .
ii) &sm(kx) = A.cos(Ax), here functionsin(ix) has changed

after the operation, hence sin(Ax) cannot be the eigen

function of the operator ax

Ex. 5. Which of followings are the eigen functions of the operator

2 . . .e rYs 2%
—— © 1) sin x ii) cos x iii) e
&

2
Solution: i) @sinx = -sinX, Hence, eigen value = -1
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2
ii) _d 5 Cos X = —cos X Hence, eigen value = -1
X

2

e — _2 .

iii) ol e ™ =4e ", Hence, eigen value = 4
X

Here all functions remain unchanged; hence all three are

2
the eigen functions of the operator d—28.
X

Ex. 6. The wave function of a particle confined in a box of length

. 2 Y . X, .
L is y(x)= L) sinin the region O < x <L and zero

elsewhere. Calculate the probability of finding the particle in
the region O <x < L.

Solution: Probability of finding the particle per unit length = yyp*.

=y = 2sinE
Here V 14 L L

Probability of finding the particle in the length O to L/2; we
get

N |

1L
L2 2n B

L

B L_(sinn—sinO)} 1
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Hence, Probability of finding the particle in the length O to
L/2=".

Ex. 7. Calculate the energy difference between the ground state and

the first excited state for an electron in one dimensional rigid
box of length 10-10m. (mass of electron = 9.1 x 1031 kg and
h = 6.626% 1024 joule-sec)

Solution: The energy of a particle in one dimensional rigid box of side

L is given by

2_2 21.2
En: th .n2: nh2 (1)
omL smlZ e
wheren =1, 2, 3,....... Substituting given values

»  (6.626x107%*)?
n =1 31 _10
8(9.1x107")x10

=0.603x107"" xn? in joules

_0.603 x 10" .n?
© 1.6x107"°
In the ground state n = 1, E = 37.7 eV
For first excited state n =2, E,= 37.7 x 4 eV = 150.8 eV
Therefore, the energy difference, E -E = 113.1 eV

in eV =37.7n% eV
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